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The results in this paper give local characterizations of the centralizers of 
ideals in rings containing no nil right ideals. Consequently, thecenters of
such prime rings are so characterized. Our first result isa modest extension 
of Herstein’s hypercenter heorem [4], and characterizes th  centralizer of an
ideal I as those lements commuting with some power of each element of Z. 
Using this, our second result shows that if a ring R has no nil right ideal, 
then the centralizer of an ideal I consists of those x E R satisfying 
(xv)” = (yx)” for each y E I and n = n(y). This condition ismotivated by
[ 11, in which the authors prove that if R has no nil ideal and if for each 
x, y E R there xist n = n(x, y) and m = m(x, y) so that (xy)” = (vx)“, then 
R is commutative. Ourlast main result inthe most diffkult, andconcerns 
the condition that for a given xE R, (xy - yx)” = 0 for yE I, an ideal of R, 
and n = n(y) [6]. Again, x centralizes I if R has no nil right ideal. Infact, 
we show more generally, that if D is a derivation of R so that D(y)” = 0 for 
each yE Z and n = n(y), then D(I) = 0. This extends a result ofGiambruno 
and Herstein [2] who showed that if D(y)” = 0 for n fixed, then D = 0 if R
is a prime ring. 
Throughout the paper R will denote an associative ring with center Z(R), 
Jacobson radical J(R), and maximal nil ideal N(R). For x, y E R set [x, y] = 
xy - yx, and for subsets S, T c R, let [S, T] be the additive subgroup 
generated by all [s, t] for sE S and t E T. 
In [4], Herstein defines the hypercenter of ring to be T(R) = 
{x E R jxy” = y”x, n = n(x, y) > 1 for all y E R}, and shows that for 
x E T(R), xy - yx generates a nil ideal of R [4, Theorem 3, p. 1561. Thus 
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T(R) = Z(R) if R contains onil ideal. Our first theorem is a slight 
generalization of hisresult toideals, andis required forour second result. 
THEOREM 1. Let R be a ring with N(R) = 0, and let Ibe an ideal of R. 
lf x E R satisfies xy” = y”xfor each yE I and n = n(y) 3 I, then [x, I] = 0. 
Proof. We assume I# 0. If R is a primitive ring, then Iis a primitive 
ring with the same faithful irreducible module as R. In this case, the theorem 
follows by the argument of[4, Lemma 2, p. 1521 for primitive rings. Conse- 
quently, the theorem holds when J(R) = 0, since then R is a subdirect 
product ofprimitive rings. Next, note that N(R) = 0 means that R is a 
subdirect product ofprime rings R/P satisfying N(R/P) = 0. Hence, to prove 
the theorem itsuffices to assume that R is a prime ring with J(R) # 0, and 
SO, U=rnJ(R)#O. 
Since R is a prime ring, if x 4 Z(R), then [x, u] # 0 for some u E U. 
But uEJ(R), so we may consider t=x-(I +u)x(l tu)-‘= 
[x,u](l +u)-‘EU. Ob serve that  commutes with apower of each element 
in U because both x and (1 + u)x(l +u)--’ do. Using the hypercenter 
theorem f4, Theorem 3, p. 1561, we conclude that E Z(V). The primeness 
of R now yields t E Z(R), and so, tis not a zero divisor in R. For any r E R, 
rt E U CT I, so there isn > 1 with xr”t” = x(rt)” = (rt)“x = r”t”x = r”xt”. The 
regularity of  gives xr” = r”x and the hypercenter th orem now shows that 
x E Z(R), contradicting x @ Z(R). Therefore, x f Z(R), proving the theorem. 
We come to the second result mentioned in the introduction. 
THEOREM 2. Let R be a ring containing no nunzero nil right ideal. IfI is 
an ideal of R and if x&R satis~es (xy)” = (yx)” for each y f I and 
n = n(y) > 1, then [x, I] = 0. 
ProoJ If Ann(l) + 0, then R= R/Ann(l) isa ring containing no nonzero 
nil right ideal. Proving the theorem for the images of x and 1 in R would 
show that [x, 1] c I f7 Ann(~) = 0, since R is a semi-prime ring. Thus, we 
may assume that Ann(l) = 0. 
Let r E I with xr = 0. For any y E Z there is n > 1 with both 
(yrx)” == (xyr)” and ((r tyr)x)” = (x(r +yr))“. Therefore, (xyr)” = 
(x(r + yr))” = ((r + yr)x)” = rx(yrx)“-’ t (yrx)“, and so, rx(yrx)“-’ = 0. 
This hows that rxI is a nil right ideal ofR. Our hypothesis and Ann(l) = 0 
result inrx = 0. A similar argument shows that if rx = 0, for rE 1, then 
xr = 0. Consequently, he left annihilator of x in I and the right annihilator 
of x in I coincide, andare an ideal 3 of R, Since R is a semi-prime ring, 
B n (x) = 0 for (x) the ideal ofR generated by x. 
To finish t e proof, choose y E I and let n> 1 so that x(xy)” = x(yx)” = 
(xy)*x. Thus, xcommutes with apower of each element inxl. Let K be the 
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subring generated byx and xl. Clearly, xlis an ideal of K, so applying 
Theorem 1 gives [x, xl] c N(K). Since N(K)xI is a nil right ideal of R, 
N(K)x = 0 follows from Ann(Z) = 0. But now, [x,x11x = 0, so [x, xl] c 
(x) n B = 0. Similarly, x[x, I] = [x, xl] = 0 yields [x, I] = 0, completing the 
proof of the theorem. 
We come now to our third, and most difficult result. In 161, Herstein 
proved that if R is a prime ring with nonzero ideal I, and if for some x E R, 
(xy - yx)” = 0 for all yE I, with nfixed, then xE Z(R). As we stated inthe 
introduction, thisresult was extended toarbitrary derivations in [2]. Recall 
that D is a derivation of R if for all x, y E R, D(x + y) = D(x) + D(y) and 
D(xy) = xD(y) + D(x)y. We call D a nil derivation on Zif D(X)“(~) = 0 for 
each x E 1, a nonzero ideal of R. Our goal is to show that when D is a nil 
derivation on I, then D(I) = 0, and so generalize both results mentioned 
above. Our proof requires several lemmas and the consideration of some 
special cases. Ofcourse, ifIis a nonzero nil ideal of R, and if a E Z - Z(R), 
then D(x) = ax - xa is a nonzero nil derivation on R. Therefore, to show 
that a nil derivation must be zero, one must assume that N(R) = 0. Unfor- 
tunately, we must assume that R contains ononzero nil right ideal as well. 
The need for this assumption results from our first lemma, which is easy, but 
essential n what follows. 
LEMMA 1. Let D be a nil derivation on I. If xy = 0 for x, y E R, then 
xD( y)I is a nil right ideal of R. 
Proof: For any r E I there is an integer k depending on r so that 
D( yrx)k = 0. Clearly, xD( yrx)k D( y)r = 0, and expanding yields 0= 
x(D( y)rx + yD(rx))k D(y)r) = (xD( y)r)kf ‘.Consequently, xD(y)I is a nil 
right ideal of R. 
Using lemma 1 it is easy to prove aspecial case of our main result. By a 
nontrivial dempotent we mean e E R - {0, 1) with ez = e. 
THEOREM 3. Let R be a prime ring with a nontrivial dempotent so hat 
R contains ononzero nil right ideal. IfD is a nil derivation on I, then 
D = 0. 
ProoJ: Since R is a prime ring, Z has no left or right annihilator, except 
for {O}. Thus, if x, y E R and xy = 0, we have xD( y) = 0 from Lemma 1, 
and also D(x)y = 0 using D(xy) = 0. For any r E Z, and any idempotent 
e E R, er = e’r, or equivalently, e(r - er) = 0. Hence D(e)(r - er) = 0, and 
so (D(e) - D(e)e)I= 0, forcing D(e) = D(e)e. Starting with re = re* one 
obtains D(e) = eD(e), and it follows that D(e) = D(e”) = eD(e) + D(e)e =
2D(e). Consequently, D(e) = 0 for any idempotent e E R, so that D(E) = 0 
for E the subring of R generated by all idempotents in R. It is well known 
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that E must contain a nonzero ideal W of R [ 3, Lemma 1.10, p. 18, proof of 
Lemma 1.3, p. 41. Since D(w) = 0 and R is a prime ring, it is easy osee that 
D(R) = 0. 
Certain cases of special interest which follow from Theorem 3 will also 
follow from our more general result ater. However, because the proof of 
Theorem 3is so easy, we prefer tostate these now for ings with idempotent. 
Our next theorem indicates when the assumption nil right ideals is 
unnecessary. 
THEOREM 4. Let R be a prime ring with nontrivial dempotent. If D is a 
nil derivation on I, then D = 0 if either R is a simple ring, or if Do = 0 
for all xE I and N aJxed integer. 
ProoJ If R is a simple ring with nontrivial dempotent, theJacobson 
radical ofR must be zero, so R contains o nonzero nil right ideal and 
Theorem 3 can be applied. Assuming that Do = 0 for N fixed and x E I, 
the proof of Lemma 1 shows that sD(t)I is a nil right ideal of R of index 
N + 1, when st = 0 in R. By Levitzki’s theorem [3, Lemma 1.1, p. 1 ] either R 
contains a nonzero nilpotent ideal, orSD(t) = 0. Since R is a prime ring, we 
may conclude that SD(t) = 0 whenever st = 0. The proof of Theorem 3 now 
shows that D = 0. 
We return now to the general case, when R may not have idempotents. 
Both our general pproach and some of our arguments are inspired by those 
in [6]. To begin with, we consider separately thecases when R is semi- 
simple and when R is not. The nonzero radical case is included ina more 
general result which also includes Theorem 3 as a special case. The proof of 
this result requires the same basic effort that would be necessary b
assuming that J(R) # 0. We want to assume that he quasi-regular e ements 
of R generate a subring which contains a nonzero ideal of R. Recall that 
xE R is quasi-regular, withquasi-inverse y E R, if x + y +xy= 0 and 
xy = yx. Let G denote the set of quasi-regular e ements ofR, and let G’ be 
the subring generated by G, together with 1, if R has an identity. It iseasy to 
prove by induction that G’ is just he additive subgroup generated by G (or 
G U ( 1 }). Then G’ will contain a nonzero ideal of R in the following cases: 
R contains a nontrivial dempotent ([8, p. 313; 3, proof of Lemma 1.3, 
p. 41); the Jacobson radical ofR is not zero; 1E R and the units in R 
generate R,or generate a subring containing a nonzero ideal of R; or, the 
elements ofsquare zero in R generate a subgroup containing a nonzero Lie 
ideal of R [8, p. 3131. 
A nonempty subset S of R will be called invariant under G if S is 
invariant under the action of those automorphisms of R induced by the 
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elements ofG; that is (1 + x) s( 1 + v) E S for each s E S and x E G, where 
y E G is the quasi-inverse of x. Lemma 2 is required for Theorem 5. 
LEMMA 2. Let R be a prime ring, let S be a nonzero subset of R and let 
x E R so that either XS= 0 or Sx = 0. If S is invariant under G, and if G’ 
contains a nonzero ideal of R, then x= 0. 
Proof: Assume that Sx = 0, since the argument in the other case is 
similar. For any SES and yEG, (1 +y))‘s(l +y)ES, so 
(1 + y)-‘~(1 + y)x = 0, and syx = 0 results. U ing induction, eobtains 
sG’x = 0, which forces x = 0 since R is a prime ring, S # (0) and G’ 
contains a nonzero ideal of R. 
We can now proceed to our next heorem, which is the most intricate part 
of our main result. Thecentral idea of the proof, toinvestigate the subring T 
defined there, ismotivated by [6, Lemma 3, p. 572.1 
THEOREM 5. Let R be a prime ring so that G’ contains a nonzero ideal 
of R. If D is a nil derivation on I and if R contains ononzero nil right 
ideal, then D = 0. 
Proof. Note first that if R is a domain, it is immediate hat D = 0. 
Hence, we may assume that R contains onzero nilpotent lements. Also, 
since R is a prime ring and G’ contains anideal, itsuffices to prove that 
D(G) = 0. We proceed by investigating the set T= {t E R 1 atb = 0 whenever 
ab = 0 for a, b E R}. Clearly, T is a subring ofR and is invariant u der G. 
To find some elements ofT, let ab = 0, choose xE G with quasi-inverse y, 
and note that a( 1 + x)(1 + y)b = 0. Applying Lemma 1 gives 0 = 
D(a( 1+ x))(l + y)b = D(a)b + aD(l + x)(1 + y)b = aD(x)(l + y)b, so that 
D(x)(l + y) E T. In particular, if x2 = 0, then y = -x, D(x)x = 0 from 
Lemma 1, and D(x) E T results. Also, D(x)x = 0 implies D(x)* = 0, so if T 
contains ononzero nilpotent lement, D(x) = 0 when x2 = 0. We continue 
with this assumption, a dset S = (x E R 1 x2 = 0). 
For x E S, XRX c S, so it follows that 0= D(xrx) = xD(r)x for any r E R. 
But xD(r) E S, resulting  0= D(xD(r)) = xD*(r). Clearly, S # (O}, S is 
invariant under G, and SD*(R) = 0. We conclude from Lemma 2 that 
D’(R) = 0. Let h E G with quasi-inverse h’ and recall that D(h)(l + h’) E T. 
The definition f T yields xD(h)(l + h’)x = 0, for x E S, so 
xD(h)(l + h’) E S and D(xD(h)( 1 + h’)) = 0 follows. Since 
D(x)= D*(h)=O, we obtain xD(h)D(h’)=O. This shows that 
SD(h) D(h’) = 0, so as above, D(h) D(h’) = 0. The definitions of D,h, and 
h’ lead to D(h)(l + h’) + (1 + h) D(h’) = 0, and this gives (D(h)(l + h’))* = 
-D(h) D(h)’ = 0. Our assumption on T forces D(h) = 0. Therefore, 
D(G) = 0, proving the theorem when Tn S = 0. 
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Assume now that W = T n S # 0 and observe that W is invariant u der 
G. Lemma 2 shows that W2 # 0. Therefore, we may choose, y cE W with 
fy # 0. Now for any r E R, (yrty)’ = 0, and so, the invariance of T under G
yields (1+ yrty)t( 1 - yrty) - t E T. Using t2 = 0 and y E T gives @t = 0, so 
the expression above reduces toryrty E T. Thus, w= ty E W - (0) and 
WR w c T. From the definition of T, xTx = 0 if x2 = 0, so XWR wx = 0, and it 
follows from the primeness of R that either xw= 0 or wx = 0. Replacing x 
with (1 + h) w(1 + h))‘, for any nilpotent h E R, gives either whw = 0 or 
~(--h+h~-~~+~..)w=O. Whenh2=Oitisclearthatwhw=0.1nduction 
on the index of nilpotence of h leads to whw = 0, so in particular, 
wD(r)w = 0 for any r E I. Hence, for any t E T, 0 = wD(rt)w = wrD(t)w, 
using the definition of T again, and now the primeness ofR yields 
D(T)w = 0. But V = {w E W 1 WRW c T} is not zero and is invariant u der 
G, which forces D(T) = 0 by Lemma 2. For w E V and x2 = 0, we have just 
seen that either xw=O or wx=O. If wx#O, then wx=(l -x)w(l +x)- 
w E T, by the invariance of T under G, so 0 = D(wx) = wD(x), since w E T. 
Consequently, T/D(x) = 0, and D(x) = 0 follows from the invariance of V
under G and Lemma 2. 
For w E V and h E G with quasi-inverse h’, x= (1 + h) w(1 + h’) E S, 
and from the last paragraph either wx= 0 or xw = 0. Hence, either whw = 0 
or wh’w =0. If whw = 0, then wh E S, so 0 = D(wh) = wD(h), since w E S. 
If wh’w = 0, using h’w E S yields D(h’)w = 0. Now (1 + h’) w(1 + h) E S, 
so 0 = D(( 1+ h’) w(1 + h)) = (1 + h’) wD(h), and it follows that 
wD(h) =0. Consequently, IQ(G) = 0, forcing D(G) = 0 and completing the
proof of the theorem. 
Theorem 5 is the nonzero radical case of our main result. Thenext 
theorem isrequired forthe semi-simple cas . 
THEOREM 6. If R is a primitive ring and D is a nil derivation on I, then 
D = 0. 
Proof: Since R is a primitive ring, R acts as a dense ring of linear 
transformations on the vector space Vover the division ri g E, which is the 
commuting ring of R on V. Of course, I also acts densely onV and has 
commuting ring E [7, Theorem 4, p. 33, Theorem 1, p. 321. Suppose that 
v E V - {0}, rE I, and vr = 0. If vD(r) # 0, then by density there is s E R 
with vD(r)s = v, and using or = 0, one obtains vD(rs) = v. Consequently, 
v = vD(rs)k = 0 for k large enough. This contradiction shows that vr = 0 
implies vD(r) = 0 for E I. Assume next hat for some choice ofv E I/ and 
r E 1, that vr and vD(r) are E-independent. The density ofIon V gives s EZ 
with vrs = 0 and vD(r)s = v. Our observation ab ve yields the contradiction 
0 = vD(rs) = vD(r)s + vrD(s) = v. Therefore, vr and vD(r) are E-dependent 
for any v E V and r E I, which results in vD(r) = fvr for some fE E. 
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If R is a domain, D = 0, so we may assume that dim, V > 1 and I has 
elements of rank greater than one. Choose r E I with rank(r) > 1, then 
choose ZI, w E V so that ur and WI are E-independent. For appropriate 
f, g, h E E, the identity (v+ w) D(r) = vD(r) + wD(r) gives h(v + w)r = 
fur + gwr, and so, f = h = g. It follows that vD(r) = fir forfindependent of 
v E V. Should f = 0, we have VD(r) = 0, resulting  D(r) = 0. If  # 0, then 
write vr = gvD(r) for g= f -I. Arguing by induction on k, vrk = (vrkp’)r = 
(g”-‘vD(r)k-l)r =gkvD(r)k, since g is independent of v. But for some t, 
D(r)’ = 0, forcing Vr’ = 0. In summary, if r E I wih rank(r) > 1, either r is 
nilpotent, or D(r) = 0. In the event that r is nilpotent there are 
v, w E V - {0} with vr = w and wr = 0. Using the density ofI on V again, 
choose sE Z satisfying us = 0 - w and ws = w. It follows that sand r - s are 
nonnilpotent lements of I, each of rank at least wo, so D(r) = D(S) +
D(r - s) = 0. Therefore, every rE I with rank(r) > 1 satisfies D(r) = 0. Since 
Z is generated as a subring bysuch elements, we must have D(Z) = 0, and as 
usual D(R) = 0 because R is a prime ring. 
A special case of Theorem 6 deserves attention. 
COROLLARY. If R is a simple nonradical ring, in particular if 1 E R, then 
any nil derivation of R must be zero. 
We need Lemmas 3 and 4 before we can combine Theorems 5 and 6 to 
prove the result we seek for prime rings. 
LEMMA 3. Let R be a ring and P a prime ideal of R so that N(R/P) = 0. 
If D is a nil derivation on I, then either D(I) c P or D(P) c P. 
ProoJ Set R ’ = R/P and for A c R denote the image of A in R ’ by A’. 
Now I’D(P)‘I’ = D(ZPI)’ c D(I)‘. Since D is nil on I, N(R/P) = 0, and R’ 
is a prime ring, we must have either Zc P or D(P) c P. If I c P, then 
R’D(I)‘R’ = D(RIR)’ c D(I)’ forces D(Z) c P, for the same reasons just 
listed, andthe lemma is proved. 
LEMMA 4. Let R be any ring. If D is a nil derivation on I, then 
D(I) c J(R). 
ProoJ: Clearly, itsuffices to how that D(I) c P for each primitive d al 
P of R. Using Lemma 3, we may assume that D(P) c P. But now, D induces 
a derivation fi on the primitive ring R/P, and D is nil on the image of I. 
Thus, D(I) c P follows from Theorem 6. 
We record an immediate consequence of Lemma 4. 
THEOREM 7. Let R be a semi-simple ring. If D is a nil derivation on I, 
then D(Z) = 0. 
CENTRALIZERSOFIDEALS 521 
THEOREM 8. Let R be a prime ring containing no nonzero nil right ideal. 
If D is a nil derivation on I, then D = 0. 
Proof: Since R is a prime ring, it suffices to prove that D(I) = 0. Using 
Lemma 4, we may assume that J(R) # 0. Therefore, D(Z) = 0 follows from 
Theorem 5. 
We can now prove our main theorem on nil derivations which extends 
Theorem 8 to any ring containing no nil right ideal. 
THEOREM 9. Let R be a ring containing no nonzero nil right ideal. IfD 
is a nil derivation on I, then D(I) = 0. 
Proof: If R is a semi-simple ring, the theorem is proved by using 
Theorem 7. Hence, we may assume that J(R) # 0. Since N(R) = 0, R may be 
represented as a subdirect product of prime rings R/P, with N(R/P) = 0. To 
prove the theorem it suffices to show that D(I) c P, for each such prime 
ideal P of R. Lemma 3 shows that if D(I) c? P, then D(P) c P and D induces 
a derivation D on R’ = R/P. We may assume that I’ # 0, so D is nil on I’. If 
R ’ contains onil right ideal, then D(I) c P would follow from Theorem 8. 
Consequently, we may assume that R’ contains a nonzero nil right ideal. 
Should J’ = J(R)’ = 0, then D(I)’ = 0 from Lemma 4, and D(I) c P would 
hold. Therefore, w  may take J’ to be a nonzero ideal of the prime ring R’, 
and so J’ is itself a prime ring. If B is a nonzero nil right ideal of R’, then 
BJ’ is a nonzero nil right ideal of J’. Let K’ be the union of all nil right 
idealsoftheringJ’,andsetS={tEJIatb=Ofora,bEZandab=O}.For 
any tES and xEJ, (1 +x)t(l +x)-‘ES, and it follows that S’ is 
invariant under (formal) conjugation by all 1 + k’, for all k’ E K’. By 
applying a theorem of Herstein [5, Theorem, p. 2061 we may conclude that 
either S’2 A ‘, a nonzero ideal of J’, or S’ c Z(J). 
Assume first that S’ I> A ‘. Then S’ 3 J’A ‘J’ = H’, a nonzero ideal of R’. 
If a E I is nilpotent of index k, then a k-2 Sa) = 0, and continuing gives (a 
(as)” = 0. Consequently, (a’S’)k = 0 which yields (a’H’)k = 0. Since R’ is a 
prime ring, it follows that a’ = 0. Now D(12) c 1 and consists ofnilpotent 
elements, oD((12)‘) = D(12)’ = 0. But (12)’ is an ideal of R’, so either 
I2 c P or D(R) c P. Should Z2 c P, then Zc P, because is a prime ideal, and 
D(Z) c P follows from D(P) c P. Hence, the theorem is proved when 
S’ I A’.. 
Assume now that S’ cZ(J’), and let xE Z and y EJ. If a, b E Z with 
ab = 0, then Lemma 1 shows that D(a)bI is a nil right ideal of R. Since any 
nil right ideal of R must be zero, D(a)b E In Ann(l) = 0. Now- xy E J is a 
quasi-regular e ement of R, so D(a(1 + xy))(l + xy)-‘6 = 0. Using ab = 0, 
D(a)b = 0, and Lemma 4 to obtain D(xy) E D(Z) cJ, we have 
D(xy)(l + xy)-’ E S. Therefore, theimage of this element inR’ is contained 
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in Z(.Z’), so is not a zero divisor. By D(xy) is nilpotent, so @x’y’) = 0 and 
D(Z’J’) = 0 follows. Since R’ is a prime ring and Z’J’ is a nonzero ideal of 
R’, we must have D(R’) = 0. Hence, D(Z) c P and the proof of the theorem 
is complete. 
It is natural to ask whether Theorem 2 or 9 remains valid if the 
assumption that R contains onil right ideal is replaced with N(R) = 0. Of 
course, ifthe Koethe conjecture is true, then N(R) = 0 would imply that R
contains o nonzero nil right ideal. On the other hand, if the Koethe 
conjecture is false, sothat for some R, N(R) = 0 but R contains a nonzero 
nil right ideal, then the two theorems mentioned above are false with the 
hypothesis that N(R)=O. To see this, let K be a nonzero nil right ideal of R 
and choose xE K - (0) with x2 = 0. Now for any r E R, both xr and rx are 
nilpotent, so for some n 2 1 (xr)” = (rx)” = 0. Therefore, Theorem 2 would 
be false. Asfor Theorem 9, observe that (xr)” = (rx)” = 0 and x2 = 0 imply 
that (xr - Ix)*” = 2 (xr)*“-‘(rx)’ = 0. Since N(R) = 0, R is a semi-prime 
ring and Z(R) contains ononzero nilpotent lement. Hence D(r) = xr - rx 
is a nonzero nil deviation on R. 
We end the paper by mentioning a few conditions  R which can replace 
the assumption that R has no nil right ideal. The second condition fthe 
theorem gives the result in[2] stated arlier. 
THEOREM 10. Let R be a semi-prime ring, and let D be a nil derivation 
on I. Then D(Z) = 0 if either 
(i) R is an algebra over acommutative ring K and there is a nonzero 
polynomial p(X, ..., X, ) in noncommuting indeterminates (Xi}whose coef- 
ficients are units in K so that p(D(r,) ..., D(r,)) = 0 for all r, ,..., r,E I; or 
(ii) D(r)” = 0 for all rE I, with nfixed. 
Zf also N(R) = 0, then D(Z) = 0 if either 
(iii) R is an algebra over an uncountable fi ld; 
(iv) nil subrings of R are locally nilpotent (e.g., ifR satisfies a 
polynomial identity or has the ascending chain condition right 
annihilators);  
(v) finite subsets ofD(Z) generate nil subrings, so in particular, if 
D(Z) generates a nil subring. 
Proof To prove (i) we need the well-known fact hat in a semi-prime 
ring, any nil right ideal which satisfies a polynomial identity must be zero. 
Suppose for now that R is a prime ring. The assumption in Theorem 8that R
contains o nonzero nil right ideal is needed only for the quotation f
Theorem 5. However, the use of this assumption i Theorem 5 is to apply 
Lemma 1 to conclude that if xy = 0, then xD(y) = D(x)y = 0. Therefore, if 
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we show that xD(y) = 0 when xy = 0, then (i) will be proved for R a prime 
ring. Now xD(y)Z is a nil right ideal of R by Lemma 1. To see that it 
satisfies a polynomial dentity, choose r, ..., rnrE Z and make the com- 
putation 
0 = XPWY~,X),..., D(yr,x)) D(y)r 
=-MD(Y) rlx + ~Dtr,x),..., D(Y) r x + YW,X)) Do 
= PW(Y)r* 9*--T WYP,) XD(Yk 
Hence, xD(y)Z = 0, and the primeness of R forces xD(y) = 0. 
When R is a semi-prime ring, use the computation just made, but with 
x E Z and y E Ann(Z). We may conclude that Z(D(Ann(Z)) = 0 and so 
D(Ann(Z)) c Ann(Z). C onsequently, D induces a derivation on the semi- 
prime ring R/Ann(Z), and D is nil on the image of I. If we prove (i) in 
R/Ann(Z), then we would have D(Z) c Ann(Z). But using the same xand y as 
above, D(x)y = 0 implies that D(Z) Ann(Z) = 0, so that D(Z) c Ann(Z) n 
Ann(Ann(Z)) = 0.Therefore, we may assume that Ann(Z) = 0. 
Since R is a semi-prime ring, the intersection of theprime ideals ofR 
which do not contain Z must be zero. Hence, using the result for prime rings, 
it suffices to show that D(P) c P for each prime ideal ofR not containing I. 
Let a be an element ofany such P, and let xE I. Then for some n > 1, 
D(ax)” = 0 gives (D(a)x)” E P, so the image of D(a)Z in R/P is a nil right 
ideal. But this image also satisfies a polynomial identity, since for 
x1 )..., x, E I, 0 = p(D(ax,) ..., D(ax,)) yields p(D(a)x, ,..., D(a).x,) E P. 
Consequently, D(a)Zc P and the assumption Zd P forces D(a) E P. Thus, 
D(P) c P, proving (i). 
Clearly (ii) sa special case of (i). If(iii) holds and R were to contain a 
nonzero nil right ideal, then since the sum of any two nil right ideals must be 
an algebraic r ght ideal [7, Theorem 1, p. 2471 in J(R), the sum must be a nil 
right ideal. Therefore, N(R)# 0, a contradiction. Thus R contains no nil 
right ideal nd Theorem 9 can be applied toobtain D(Z) = 0. Similarly, if 
(iv) holds, then any nil right ideal in R is locally nilpotent, so R would 
contain a locally nilpotent ideal contradicting N(R) = 0. 
Finally if(v) holds, consider the polynomial ring R[xl, and extend D to 
R [x] by setting D(x) = 0. The assumption of (v) shows that D is nil on Z[x], 
and N(R) = 0 gives J(R [xl) = 0 [7, Theorem 4, p. 121. Therefore, 
D(Z[x]) = 0 from Theorem 7, resulting in D(Z) = 0. 
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